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Color Pooling on the Hilbert Curve
H. Verrill, Bridges 2026, Galway
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Coloured Hilbert/Moore Curves (for a Bridges 2026 Talk by Helena Verrill)
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What is colour pooling of the Hilbert curve? with examples
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What is colour pooling of the Hilbert curve? with examples

and colouring an iterate of the Hilbert curve,

o | mean using a thread of a regularly repeating colour sequence,
and investigating what happens.
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What is colour pooling of the Hilbert curve? with examples

I I
| | mean using a thread of a regularly repeating colour sequence, |

and colouring an iterate of the Hilbert curve,
and investigating what happens.

First | will show a few examples (art) (without saying what the &
Hilbert curve is) (See handout 1 and 3)
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What is colour pooling of the Hilbert curve? with examples

o | mean using a thread of a regularly repeating colour sequence,
and colouring an iterate of the Hilbert curve,
and investigating what happens.

o First | will show a few examples (art) (without saying what the
Hilbert curve is) (See handout 1 and 3)

o Then I'll talk about Hilbert curves (maths) (with saying what the
Hilbert curve is) (See handout 2)
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Colour Pooling - examples and observations
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Colour Pooling - examples and observations

O Stitch length a mulitple of unit path length for regular pattern
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Colour Pooling - examples and observations
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O Stitch length a mulitple of unit path length for regular pattern

for repeating blocks

2n

O Repeat unit length a multiple of 2
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Colour Pooling - examples and observations

O Stitch length a mulitple of unit path length for regular pattern
O Repeat unit length a multiple of 22" for repeating blocks

O Same curve, same thread, but offset gives different patterns
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|
What is the Hilbert curve? (Due to Hilbert, 1891)
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|
What is the Hilbert curve? (Due to Hilbert, 1891)

> What is the Hilbert curve?

_ mathamaze.co.uk/circles/hilbert/ 6/16



|
What is the Hilbert curve? (Due to Hilbert, 1891)

What is the Hilbert curve?
This is the Hilbert curve:
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|
What is the Hilbert curve? (Due to Hilbert, 1891)

What is the Hilbert curve?

This is the Hilbert curve: It's a space filling curve!
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|
What is the Hilbert curve? (Due to Hilbert, 1891)

What is the Hilbert curve?

This is the Hilbert curve: It's a space filling curve!

It's a continuous path through space, that passes through every point
of a square... but you can't really travel along it. You'd have to travel
infinitely fast to go approximately nowhere.
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The Iterates of the Hilbert Curve lﬁ%%

o The Hilbert curve is a limit of a sequence of curves, Hy, H1, H, . ..
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The Iterates of the Hilbert Curve lﬁ%%

o The Hilbert curve is a limit of a sequence of curves, Hy, H1, H, . ..

o There are several different ways to describe H,. My favourite:
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The Iterates of the Hilbert Curve lﬁ%%

o The Hilbert curve is a limit of a sequence of curves, Hy, H1, H, . ..
o There are several different ways to describe H,. My favourite:

o H, is made of lines drawn on a grid of 271 x 2™ squares
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The Iterates of the Hilbert Curve lﬁ%%

o The Hilbert curve is a limit of a sequence of curves, Hy, H1, H, . ..

o There are several different ways to describe H,. My favourite:

o H, is made of lines drawn on a grid of 271 x 2™ squares

2 x 2 grid
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The Iterates of the Hilbert Curve lﬁ%%

o The Hilbert curve is a limit of a sequence of curves, Hy, H1, H, . ..

o There are several different ways to describe H,. My favourite:

o H, is made of lines drawn on a grid of 271 x 2™ squares

2 x 2 grid for Hy
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The Iterates of the Hilbert Curve lﬁ%%

o The Hilbert curve is a limit of a sequence of curves, Hy, H1, H, . ..

o There are several different ways to describe H,. My favourite:

o H, is made of lines drawn on a grid of 271 x 2™ squares

o It's made of 27 x 2™ “left”, “right”, “straight” tiles,

¢ = —

the three possible tiles

2 x 2 grid for Hy
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The Iterates of the Hilbert Curve ﬂﬁ%%

» The Hilbert curve is a limit of a sequence of curves, Hy, H1, Ha, . ..
o There are several different ways to describe H,. My favourite:

» H, is made of lines drawn on a grid of 271 x 2™ squares

) It's made of 27 x 2" "left”, "right”, “straight” tiles,

> At each stage, we replace each tile of H, by 4 smaller tiles:

¢ = —

Ho the three possible tiles

2 x 2 grid for Hy
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The Iterates of the Hilbert Curve ﬂﬁ%%

» The Hilbert curve is a limit of a sequence of curves, Hy, H1, Ha, . ..
o There are several different ways to describe H,. My favourite:

» H, is made of lines drawn on a grid of 271 x 2™ squares

) It's made of 27 x 2" "left”, "right”, “straight” tiles,

> At each stage, we replace each tile of H, by 4 smaller tiles:

» The complete path has to start and end on the same sides.

¢ = —

Ho the three possible tiles

2 x 2 grid for Hy
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The Iterates of the Hilbert Curve ﬂﬁ%%

» The Hilbert curve is a limit of a sequence of curves, Hy, H1, Ha, . ..
o There are several different ways to describe H,. My favourite:

» H, is made of lines drawn on a grid of 271 x 2™ squares

) It's made of 27 x 2" "left”, "right”, “straight” tiles,

> At each stage, we replace each tile of H, by 4 smaller tiles:

» The complete path has to start and end on the same sides.

f‘ll'l J j ™

the three possible tiles

4 x 4 grid for H;
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Possibly more frequent explanation of Hilbert's iteration rule

(1) (2) (3)

I
[ ‘
o (1) The tile on the left (4 orientations), showing a “bump”

o (2) is replaced by the 4 smaller “bump” tiles in (2) (4 orientations)

o (3) (for continuous paths, three cases to consider; i.e., adding the
white bits of paths on right diagram)
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Hilbert variations

o For the Hilbert curve, each sucessive path starts to the right of
the previous path.

I
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Hilbert variations

o For the Hilbert curve, each sucessive path starts to the right of
the previous path. (meaning of “right” on right)

i o

right of Lo [0
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Hilbert variations

o For the Hilbert curve, each sucessive path starts to the right of
the previous path. (meaning of “right” on right)

o But we could start each successive curve on the left.

Lo
Ly

right of Lo [0
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Hilbert variations

o For the Hilbert curve, each sucessive path starts to the right of
the previous path.

o But we could start each successive curve on the left.

I
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Hilbert variations

o For the Hilbert curve, each sucessive path starts to the right of
the previous path.

o But we could start each successive curve on the left.

I

o A reflection...
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-
Mixing left and right iterations

> We can choose whether to start to the left or right at each stage.
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Mixing left and right iterations

o We can choose whether to start to the left or right at each stage.

(A) (D)

yellow starts tgg)right of red 2
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Mixing left and right iterations

o We can choose whether to start to the left or right at each stage.

f# S]] R T

yellow starts tg right of red ( ) yellow starts(Et)o left of red ®

o Binary sequence determines right or left start at successive iterations.

L

0000 0001 0010 0011
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Mixing left and right iterations

o We can choose whether to start to the left or right at each stage.

f# S]] R T

yellow starts tg right of red ( ) yellow starts( t)o left of red ®

o Binary sequence determines right or left start at successive iterations.

L

0000 0001 0010 0011

o Michael Bader's book on space-filling curves’'s 82 corresponds to
010101.... Zuguang Gu 2025 arXiv paper covers all cases.
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Third iterates
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Third iterates and some 6th iterates
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Third iterates coloured and some 6th iterates

BB
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Third iterates coloured and some 6th iterates

Q

o Different sequences are more easily distinguished when coloured
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-
L-system for Hilbert curve

© An L-system is a replacement rule on symbols representing
path elements, in “turtle geometry”, also called “Logo”
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-
L-system for Hilbert curve

© An L-system is a replacement rule on symbols representing
path elements, in “turtle geometry”, also called “Logo”

> For the Hilbert curve, Lindenmayer took symbols
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L-system for Hilbert curve

> An L-system is a replacement rule on symbols representing

path elements, in “turtle geometry”,

> For the Hilbert curve, Lindenmayer took symbols

also called “Logo”

] symbol

LorR

F

+

[ instruction

do nothing

go forwards one unit

turn left

turn right
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L-system for Hilbert curve

> An L-system is a replacement rule on symbols representing

path elements, in “turtle geometry”

> For the Hilbert curve, Lindenmayer took symbols

, also called “Logo”

] symbol

LorR

F

+

[ instruction

do nothing

go forwards one unit

turn left

turn right

o L and R are “buds” that grow into “"bumps” at next iterate
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-
L-system for Hilbert curve

© An L-system is a replacement rule on symbols representing
path elements, in “turtle geometry”, also called “Logo”

> For the Hilbert curve, Lindenmayer took symbols

[ symbol LorR F +

[ instruction || do nothing | go forwards one unit | turn left

turn right

o L and R are “buds” that grow into “"bumps” at next iterate

o Lindenmayers replacement rule for the Hilbert curve:
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-
L-system for Hilbert curve

> An L-system is a replacement rule on symbols representing
path elements, in “turtle geometry”, also called “Logo”
> For the Hilbert curve, Lindenmayer took symbols

] symbol LorR F + —
[ instruction || do nothing | go forwards one unit | turn left | turn right

o L and R are “buds” that grow into “"bumps” at next iterate

© Lindenmayers replacement rule for the Hilbert curve:

P(L) = +RF — LFL — FR+,
P(R) = —LF + RFR + FL — .
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-
L-system for Hilbert curve

> An L-system is a replacement rule on symbols representing
path elements, in “turtle geometry”, also called “Logo”
> For the Hilbert curve, Lindenmayer took symbols

] symbol LorR F + —
[ instruction || do nothing | go forwards one unit | turn left | turn right

o L and R are “buds” that grow into “"bumps” at next iterate
© Lindenmayers replacement rule for the Hilbert curve:

P(L) = +RF — LFL — FR+,
P(R) = —LF + RFR + FL — .

_ mathamaze.co.uk/circles/hilbert/ 12/16



L-system for Hilbert curve (continued)

What was a “bud” for one iterate is replaced by a sequence of
turns and moves and “buds” for next iterate.

P(L) = +RF — LFL — FR+,
P(R) = —LF + RFR + FL — .

_ FL—F—-? _

;AL - R RL_
+ +

R case looks like a reflection of this

_ mathamaze.co.uk/circles/hilbert/ 13 /16



Compatible L-systems (the new maths)

In order to have compatible L-system operations, we have to
instead think about whether the path moves closer or further
from a central line in each square... We get different symbols

(L, mL; L, R, ,R, Rp), and rules like L — RpLm ml ,R
Ly,
W 1
Rp pR Rp L L pR

mathamaze.co.uk/circles/hilbert/
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Inspiration for new L-system discovery

o Unfortunately, whether a path starts on left or right of previous is
not conserved over the tiling.
Here on red tiles, the next iteration is right; on blue it is left.
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Inspiration for new L-system discovery

o Unfortunately, whether a path starts on left or right of previous is
not conserved over the tiling.
Here on red tiles, the next iteration is right; on blue it is left.

> What is conserved is whether the new path is closer or further from
the mid-lines (in red) of the tile, at entry point
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The art Thanks to Margaret Low (WMG) & Warwicks Engineering Build Space

o Discussion of artistic interpretations:

Qo

o WebGL version
o Sewing machine
o 3D printing

o “a‘rble mazes
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The art Thanks to Margaret Low (WMG) & Warwicks Engineerine ™ Space

o Discussion of artistic interpretations:
Qo

o WebGL version

o Sewing machine

o 3D printing
o M\g\rble mazes
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